A NOTE ON BIHARMONIC CURVES IN SASAKIAN SPACE 

FORMS 



DOREL FETCU 

Abstract. We classify the biharmonic non-Legendre curves in a Sasakian space 
form for which the angle between the tangent vector field and the characteristic 
vector field is constant and obtain explicit examples of such curves in R^"^^(— 3). 



1. Introduction 

In 1964, J. Eells and J.H. Sampson introduced the notion of poly-harmonic maps 
as a natural generahzation of harmonic maps {[8\). Thus, while harmonic maps 
between Riemannian manifolds (p '■ (-^) d) ~^ (-^i h) are the critical points of the 
energy functional E{(f)) = ^ \ d(j)\'^ Vg, the biharmonic maps are the critical points 
of the bienergy functional E2{(f)) = ^ fjyj Vg. 

On the other hand, B.-Y. Chen defined the biharmonic submanifolds in an Eu- 
clidean space as those with harmonic mean curvature vector field ([6j). If we apply 
the characterization formula of biharmonic maps to Riemannian immersions into 
Euclidean spaces, we recover Chen's notion of biharmonic submanifold. 

The Euler-Lagrange equation for the energy functional is T{<j)) = 0, where t(0) = 
tiaceV d(j) is the tension field, and the Euler-Lagrange equation for the bienergy 
functional was derived by G. Y. Jiang in |13j : 

T2i(p) = -Ar(</>) - trace {d(j),T{(p))d(l) 
= 0. 

Since any harmonic map is biharmonic, we are interested in non-harmonic bihar- 
monic maps, which are called proper-biharmonic. 

There are several classification results and some methods to construct biharmonic 
submanifolds in space forms ([14], [2]). In a natural way, the next step is the study 
of biharmonic submanifolds in Sasakian space forms. Thus, J. Inoguchi classified in 
|12j the proper-biharmonic Legendre curves and Hopf cylinders in a 3-dimensional 
Sasakian space form M^(c), and in [9] the explicit parametric equations were ob- 
tained. In [7], J.T. Cho, J. Inoguchi and J.-E. Lee studied the biharmonic curves in 
a 3-dimensional Sasakian space forms and T. Sasahara studied the biharmonic inte- 
gral surfaces in 5-dimensional Sasakian space forms ([18J). New classification results 
for biharmonic Legendre curves and examples of proper-biharmonic submanifolds in 
any dimensional Sasakian space form were obtained in [lOj. 

Recent results on biharmonic submanifolds in spaces of nonconstant sectional 
curvature were obtained by T. Ichiyama, J. Inoguchi and H. Urakawa in [11], by 
Y.-L. Ou and Z.-P. Wang in pTS], and by W. Zhang in 
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Biharmonic submanifolds in pseudo-Euclidean spaces were also studied, and many 
examples and classification results were obtained (for example, see [l], [6]). 

The goals of our paper are to obtain new classification results for biharmonic 
non-Legendre curves in any dimensional Sasakian space form and to obtain explicit 
equations for some of such curves in ]R^"+^(— 3). 

For a general account of biharmonic maps see [13] and The Bibliography of Bi- 
harmonic Maps [19\. 

Conventions. We work in the C°° category, that means manifolds, metrics, con- 
nections and maps are smooth. The Lie algebra of the vector fields on M is denoted 
by C{TM). 

2. Preliminaries 

A triple {^,^,r]) is called a contact structure on a manifold AtS^+i^ where is a 
tensor field of type (1, 1) on A^, ^ is a vector field and tj is an 1-form, if 

if^ = -I + r]<E)^, r?(e) = l, VA,y E C7(riV). 

A Riemannian metric g on N is said to be an associated metric and then (N, ip, rj, g) 
is a contact metric manifold if 

g{^X,^Y)=g{X,Y)-ri{X)rj{Y), g{X,^Y) = dv{X,Y), \fX,YeC{TN). 

A contact metric structure {ip, ^, r], g) is called normal if 

N^ + 2dr](g,C = 0, 

where 

N^iX,Y) = [^X,^Y]-ip[^X,Y]-ip[X,pY] + ^^[X,Y], \fX,Y G C(rA), 
is the Nijenhuis tensor field of 99. 

A contact metric manifold {N,(f,S^,r],g) is a Sasakian manifold if it is normal or, 
equivalently, if 

{Vxip){Y) = g{X, y)e - v{Y)X, yX, Y G C{TN). 

The contact distribution of a Sasakian manifold {N,ip,^,ri, g) is defined by {X G 
TN : T]{X) = 0}, and an integral curve of the contact distribution is called Legendre 
curve. 

Let {N,ip,S^,rj,g) be a Sasakian manifold. The sectional curvature of a 2-plane 
generated by X and (pX, where X is an unit vector orthogonal to ^, is called (p- 
sectional curvature determined by X. A Sasakian manifold with constant (^-sectional 
curvature c is called a Sasakian space form and it is denoted by N{c). 
The curvature tensor field of a Sasakian space form N{c) is given by 

R{X, Y)Z = ^{g{Z, Y)X - g{Z, X)Y} + ^{r?(Z)r?(A)y- 

(2.1) -r?(Z)r/(y)A + g{Z, X)r]{Y)^ - g{Z, Y)7]{X)C+ 

+g{Z, ^Y)ipX - g{Z, ^X)^Y + 2g{X, ^Y)ipZ]. 
3. Biharmonic non-Legendre curves in Sasakian space forms 

Definition 3.1. Let {N'^,g) be a Riemannian manifold and j : I ^ N a curve 
parametrized by arc length, that is |7'| = 1. Then 7 is called a Frenet curve of 
osculating order r, 1 < r < m, if there exists orthonormal vector fields Ei, E2, 
along 7 such that Ei = = T and 

VtEi = K1E2, VtE2 = -KiEi + K2E^, VrEr = -Kr-lEr-l, 
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where ki, ...,Kr-i are positive functions on I. 



A Prenet curve of osculating order 1 is a geodesic; a Prenet curve of osculating order 
2 with Ki = constant is called a circle; a Frenet curve of osculating order r, r > 3, 
with Ki, Kr-i constants is called a helix of order r and helix of order 3 is called, 
simply, helix. 

Let (iV^"+^, ^,77,5) be a Sasakian space form with constant (^-sectional cur- 
vature c and J : I ^ N a non-Legendre Frenet curve of osculating order r with 
r]{T) = /, where / is a function defined along 7 and / 7^ 0. Since 

V|,r = {-3kik[)Ei + {k'I - nf- kikI)E2 + (2k>2 + «;i«;2)-E3 



and 



we get 
(3.1) 

r2(7)= V^tT - R{T,VtT)T 



(c+3)ki 
4 



(c-1) 



+(24^2 + Ki4)£;3 + KiK2't3^4 - ^/'e + ^^^^5(^2, ¥'r)(/pr. 

If c = 1 then 7 is proper-biharmonic if and only if 

Ki = constant > 0, K2 = constant 

K2«;3 = 

and we can state the following Theorem. 

Theorem 3.2. If c = 1 then 7 is proper-biharmonic if and only if either j is a 
circle with ki = 1, or ^ is a helix with ref + «;| = 1. 

Now, assume that c^ 1. Then 7 is proper-bihrmonic if and only if 
' Ki = constant > 0, 



(3.2) 



^ - ^/^ - ^^(/')' + ^(5(^2, ^r))2 



4 - iTi/'r?(^3) + ^-^g{E2,^T)g{E^, ipT) = 

L 1^21^3 - ^"^MEa) + ^g{E2,<pT)g{E^,^T) = 
since, from ri{T) = g{T,^) = f and the first Prenet equation, we get g{VTT,$,) = 
g{KiE2,0 = f- 

Obviously, the above equations are simpler when / = r]{T) = cos/?i is a constant, 
where (3i G i^^'^) \ {^} is the angle between the tangent vector field T and the 
characteristic vector field ^. 
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In the following, we will study only this special case. We have 

Theorem 3.3. Let c 7^ 1 and 7 a Frenet curve of osculating order r such that 
r](T) = cos /?! = constant ^ { — 1,0,1}. Then 7 is proper-biharmonic if and only if 
either 

a) ^ is a circle with (pT = it sin/?i£'2 and k\ = \ + {c — 1) s\v? /3i > 0, 
or 

b) J is a helix with ipT = it sin/3iS2 o-n-d + ^2 = 1 + (c — 1) sin^ f3i > 0, 
or 

c) J is a Frenet curve of osculating order r, where r > 4, with 

ipT = sin /?! cos /32-E'2 + sin /?i sin /32-E4 

and 

Ki = constant > 0, K2 = constant 
< Kf + Ki = ^^-^^cos2/3i + ^sin2/5icos2/?2 , 

. K2K3 = -^^^g^ sin^ Pi sin(2/?2) 

where P2 £ (0,27r) is a constant such i/iai c+3— (c— 1) cos^/3i + 3(c— l)sm^/3i cos^/32 
> 0, 3(c - 1) sin(2/32) <0 andn>2. 

Proof. First, we see that f/(i?2) = g{E2,0 = = 0- Next, assume that ^(£'25 'pT) 
= a, where a is a function defined along 7. Then, using the second Frenet equation, 
one obtains 

a = g(yTE2,(pT) + g{E2,VTpT) = K2g{E3,ipT) + g{E2, nnpE2 + i - fT), 

and, since the second term in the right side vanishes, it follows K2g{E^, ipT) = ol . 
Now, if 7 is proper-biharmonic, replacing into the third equation of (13. 2p we obtain 

/ 3(c-l) , 

and then 

9 3(C — 1) n 

^2 + — +000 = 0, 
where loq is a constant. The second equation of (j3.2p becomes 

2, 2 C + 3 C 1„2 2 
+ '^2 = ^ ^/ -1^2- ^0- 

Hence K2 = constant and a = constant. If K2 = then, from the biharmonic 
equation r2(7) = 0, we get E2 \\ ^pT and, since g{ipT,ipT) = 1 — f^ = sin^ /3i it 
follows ipT = lb sin PiE2. Hence 7 is a circle with 

2 c+3 C— 1 3(C— 1) .2^ -, / -.^ ■ 2 n 

k( = — — cos^ Pi + -^^ — - sm^ /3i = 1 + (c - 1) sm^ /3i. 

Assume that K2 ^ 0. Then giE^, ipT) = and, if K3 = then 7 is a helix with 

kI + kI = - cos^ Pi + ^^'^ ^ sin^ /?i = 1 + (c - 1) sin^ Pi, 

since, using again the biharmonic equation, one obtains E2 \\ pT in this case too. 
Next, let 7 be a proper-biharmonic Frenet curve of osculating order r with r > 4. 
Then g{E^, ipT) = and, from the biharmonic equation we have ipT G span{£'2) E4^}. 
Since 

g{ipT,ipT) = l-f^ = sm^Pi 
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it follows 

ipT = sin /?! cos [32E2 + sin /?i sin f32Ei, 

where 

g{E2, ipT) = a = sin /3i cos (^2 and 5'(i?4, (pT) = sin /3i sin (32 
with /32 = constant G (0, 27r). 

Finally, if the dimension of N is equal to 3 we can consider an orthogonal system of 
vectors {E = T — f^, (pT, ^} along 7 and, since / is a constant, it follows easily that 
WtT II ipT. Hence E2 \\ (pT in this case. 

□ 

A special role in the biharmonic equation T2(7) = is played by g{E2,ipT). 
In the following, we consider 7 to be a Frenet curve of osculating order r, with 
r]{T) = f{s) = cos /?(s) not necessarily constant, such that E2 -L p>T or E2 \\ ifT. 
Case I: c / 1, E2 -L (pT. 

In this case 7 is proper-biharmonic if and only if 

Ki = constant > 0, 



(3.3) 



^2 , ^2 _ c+3 c-1 f2 lc-l(f/\2 



^2^3 - ^,^ME^) = 

From g{E2,0 = ^J' one obtains (7(Vt^2, " 5(^2, ^T) = ^J" and then K2v{E3 



—f" + Kif. Replacing into the third equation of ()3.3p one obtains 

1 c- 



K24 - A— r-(/7" + = 0, 



and then 



where uji is a constant. Now, from the second equation of ()3.3p we have 

2 ; 2 C -|- 3 2 
+ '^2 = ^ 1^2- ^1- 

Hence K2 = constant and (/" + ^f/)/' = 0. 

Now, using the Frenet equations, from g{E2,(pT) = one obtains K2g{E^,'p>T) = 
--^f and then, from K2g{E3,(,) = -^f" + Kif, we get 

^^2^3giE,,0 = -if" + + 4)f')- 

Since r2(7) = implies ??(t2(7)) = one obtains, after a straightforward computa- 
tion that /'/'" = 0. Using this result and differentiating (/" + K\f)f' = along 7 
we have 

We just obtained that / = constant. 
We can state 
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Theorem 3.4. Assume that c ^ 1, n > 2 and Vj-T _L ipT . Then 7 is proper- 
biharmonic if and only if either 

a) J is a circle with r]{T) = cos/3o and k\ = — cos^ (3q, 
or 

b) J is a helix with r]{T) = cos/3o and k\ + k\ = — cos^ (3q, 
where /?o S (0, 27r) \ {|, vr, ^} is a constant such that — cos^ /5o > 0. 

Remark 3.5. We note that the biharmonic equation T2(7) = for curves 7 with 
VtT -L (y^r is equivalent to 

Ai7 = J(c + 3 - (c - 1) cos^ /?o)ii', 

i.e. is an eigenvector of A, where H = V^T is the mean curvature vector field of 
7- 

Case II: c 7^ 1, E2 || 

In this case g{E2,S,) = -^f = and then / = cos /?o = constant. Since g{fT, ipT) = 
1 — {g{T, T))^ = sin^ we have ipT = it sin/3o£'2- 
We obtain 

Proposition 3.6. Assume that c^ 1 and \\ ipT. Then 7 is proper-biharmonic 
if and only if either 

a) ^ is a circle with r]{T) = cos/3o and = c — (c — 1) cos^ Pq, 
or 

b) 'y is a helix with r]{T) = cos Pq and + = c — (c — 1) cos^ Pq, 
where Pq G (0, 27r) \ {|, vr, ^} is a constant such that c — (c — 1) cos^ Pq > 0. 

Next, let 7 be a proper-biharmonic non-Legendre curve with V^T || ipT. As (pT = 
±sin/3o-E'2 one obtains after a straightforward computation that 

VtE, = ±cosA)t+ ± 

sm po ^ sm Pq / sm po ^ sm po ^ 

Using the second Frenet equation we have 



2 {ki cos /?o ± sin Pq) 



2 



K2 



sin^ Pq 

Thus 7 is a circle if and only if ki = =p tan Pq > 0. From Proposition 13.61 we easily 
get that 7 is a proper-biharmonic circle if and only if 

2 c-l + Vc^ -2c + 5 , 2^ c+1- Vc^ -2c + 5 
Ki = and cos Po = _ • 

If K2 7^ 0, from the expression of K2 and the third Frenet equation it follows that 
K3 = 0. Hence 7 is a helix. Now, 7 is proper-biharmonic if and only if ki satisfies 

kI ± cos(2/3o)ki + (1 - c) sin'' Po = 

and Po £ (0, 27r) \ {f , vr, ^} if c> 1 or /3o e (0, 2ir) \ {f , tt, ^} such that cos po G 

We conclude with the following 

Theorem 3.7. If c ^ 1 and VtT \\ ipT, then y is a Frenet curve of osculating order 
r < 3 and it is proper-biharmonic if and only if either 

a)-f is a circle with r]{T) = i^i+l^^^' and k\ = ^-i+Vc^-2c+5 ^ 

or 
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b) J is a helix with r](T) = cos/3o and ki satisfies 

kI ± cos(2/3o)ki + (1 - c) sin^ /?o = 0, 
where Po = constant G (0, 27r) \ {^,7r, ^} if c > 1 or f3Q = constant G (0, 27r) \ 
{|,7r, -^l siic/i t/iai cos/3o ^ ( ~ \f^^^ \f^^ c < 1. /n t/ie /asi case = 
(ki cot/3o ± 1)2. 

Remark 3.8. A curve 7 with VyT || 99T is proper-biharmonic if and only if 

Ai7 = {c- {c- I) cos^ I3q)H, 
where H is the mean curvature vector field of 7. 

4. BiHARMONIC CURVES IN M2"+^(-3) 

While proper-biharmonic Legendre curves exist only in a Sasakian space form 
N'^^~^^{c) with constant (/3-sectional curvature c bigger than 1 if n = 1, or —3 if n > 1 
(see |12] . |10j). proper-biharmonic non-Legendre curves can be found in Sasakian 
space forms with any (/j-sectional curvature. 

We mention that, in the case when c = —3, T. Sasahara studied in [16] the subman- 
ifolds in the Sasakian space form M2n+i(_3) whose yj-mean curvature vectors are 
eigenvectors of the Laplacian and in [17] the Legendre surfaces in M^(— 3) for which 
mean curvature vectors field are eigenvectors of the Laplacian. 
In this section we obtain the explicit equations for proper-biharmonic circles with 
E2 -L V^T and for all proper-biharmonic curves with E2 II in M2n+i(_3). 

First, let us recall briefly some notions and results about the structure of the 
Sasakian space form M2"'"'"^(— 3) as they are presented in [3]. 

Consider on M2""''"'^(— 3), with elements of the form (x^, ...,y^,z), its stan- 

dard contact structure defined by the 1-form r] = ^{dz — X^ILi y**^-^*)' charac- 
teristic vector field ^ = 2^ and the tensor field (p given by the matrix 











-Si J 

















Then g = rj rj + j J2^=iiidx^)^ + {dy^Y) is an associated Riemannian metric and 
^]^2n+i^ ^, ry, g) is a Sasakian space form with constant 93-sectional curvature equal 
to -3, denoted R2"+1(-3). 

The vector fields Xi = 2^, X^+i = ^X^ = 2{£, + y^f ), i = 1, and ^ = 2^ 

form an orthonormal basis in M2"^^(— 3) and after straightforward computations 
one obtains 

= [Xn+i, Xn+j] = [Xi,^] = [Xn+i,^] = 0, [Xi, Xn+j] = 26ij^ 

and 

"^X.Xj = Vx„+,Xn+j = 0, Vx,Xn+j = 6ij^, Vx„+,Xj = -6ij^, 
^X,i = VgXj = -Xn+i, Vx„+iC = VgX„+i = Xi 

for any j = 1, n. 

Now, let 7 : / ^ M2n+i(-_3) ^ Frenet curve of osculating order r > 1, 
parametrized by arc length, with the tangent vector field T = 7' given by 

n 

(4.1) T = J];(r,Xi + Tn+rXn+i) + COS 

i=l 
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where cos/?o is a constant. Using the above formulas for the Levi-Civita connection 
we have 

n 

(4.2) VtT = ^((i;' + 2 cos l3QTn+i)Xi + (T^+i - 2 cos /3oT^)X„+i) 



From Theorems 13.41 and 13.71 using the same techniques as in [1] , [5] and [7| , we 

get 

Theorem 4.1. The parametric equations of proper-biharmonic circles parametrized 
by arc length in M^"^"^(— 3), n >2, with VtT _L cpT, are 

^ = ±^(2sin(Kis)c^ =F 2cos(kis)c2 — cos(2Kis)d^ 

— sin(2Kis)d2) + a* 

-^{2cos{kis)c\ ± 2sin(Kis)c2 + sm.{2Kis)d\ 

— cos (2ki 5)^2) + 

±i(i+Er=i((ci)'+(cin> 



(4.3) 



z{s) 



+A Er=i(±cos(4Kis)dl(i*2 - 2cos(2kis)c1c: 



+4cos(3Kis)c2(i| — 4sin(3Kis)c^d2) 

EILi &^(-2sin(Kis)ci ± 2cos(Kis)4 

+ cos(2Kis)d^ + sm.{2Hiis)d\) + e 

where k\ = cos^/3o, /3o S (0,27r) \ {^,7r, ^} is a constant, and a\ b\ c\, C2, d\, 
d\ and e are constants such that the n-dimensional constant vectors Cj = (cj,...,c") 
and dj = (dj, ...,d"), j = 1,2, satisfy 

|ciP + |c2p + + |(i2p = sin2/3o 

(ci,(ii) ± (c2,d2) = 0, (ci,d2) =F (c2,di) = 

Proof. Let 7 : / — > M^"+^(— 3) be a circle parametrized by arc length, with the 
tangent vector field T = 'j' given by ()4.ip and VtT _L (^T. From the equation (j4.2p 
one obtains 

1 " 

^2 = — + 2 cos /3oT„+.)Xi + (r;+i - 2 cos /3oTi)X„+i) 



i=l 



and, using g{E2, ipT) = 0, a direct computation shows that 

VTi^2 = 7^ (Er=i ((^' + 2 cos /3oTn+i)' + (K+i - 2 cos /^oT,) cos Po)X^ 

+((r;;+i - 2 cos /JoTO' - (T;' + 2 cos /3oT„+i) cos Po)Xn+i) 
and, since 7 is a circle, it follows 

A[ + Bi cos /3o = 

(4.4) : 

B'i - Ai cos /3o = 
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where = ^(i;' + 2 cos /3oT„+i) and Bi = i-^{T'^+i - 2cos/3oT,). 

Solving (j4.4p and imposing for 7 to be proper-biharmonic, according to Theorem 

13.41 that is ki = ibcos/3o > 0, we get the following equations 

r/ lb 2KiTn+i = Ki cos{kis)c\ ± Ki sin(Kis)c2 

Tli^+i T '^i^iTi = ±Ki sin(Kis)c^ — cos(kis)c2 

which general solutions are 

Ti = — s\n[Kis)c\ lb cos(kis)c2 + cos(2«;is)(i^ + sin(2«;is)(i| 

Tn+i = ibcos(Kis)c^ + sin(Kis)c2 ± sm.{2Hiis)d\ =F cos(2Kis)d2 

where c\, c\, d\ and constants, such that 

' E?=i((cl)' + (4)2 + {d\f + (4)2) = sin2/3o 

^ E?=i((4)(4) ± (4)(4)) = 0, Er=i((4)(4) t {clKd\)) = o ' 

since g{T,T) = 1. 

Finally, replacing into expression of 7' and integrating we get (j4.3p . □ 

Remark 4.2. In order to find explicit examples of proper-biharmonic curves with 
VtT -b (pT in M2"^^(— 3) we will stick at proper-biharmonic circles since the com- 
putations in the case of helices are rather complicated. 

Theorem 4.3. Proper-biharmonic curves inM?'^~^^{—3), withVxT || ipT, are either 
a) Proper-biharmonic circles given by 



(4.5) 



zis) 



COS 



V5-1 . 



|— Iq -b sm 



V5-1 



s Co -b a 



(y5 + l)(sin(^^s)4 -cos(^^s)4) + b' 



-^^^\^^ s+^-±fiT.Um? - (4)2)sin((^/5 - 1 
2cos((^/5 - l)s)ci4) + + EILi ^i(sm (^s)c: 

^.)4)+d 



s ' 



cos 



where a*, 6*, c\, c\ and d are constants such that the n-dimensional constant vectors 
Cj = {c],...,cf), j = 1,2, satisfy 



I |2 , I |2 3 - \/5 
|ci| + \C2\ = . 



or 
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h) Proper-biharmonic helices given by 



(4.6) <^ 



z{s)- 



2ki 



Ki±sin(2/3o) 



2ki 
Kl±sin(2/3o) 



sm 



Ki ifcsin(2/?o) 



S Ci — COS 



n I a \ 1^1 sin 

2 cos po H — 



A) V 



Kl±sin(2/3o)y'5 + (Ki±sm(2/3o))2 



sm 



+ cos 



2(Ki=fcsm(2/3o)) , 



« Er=i((ci)'-(4)') 



2(Ki=fcsin(2ft))) 



~Ki±s^n(2/3o) Sr=l ( COS 



Ki±sin(2/3o) „\ J 



S C 



+ sm( "^^^y^°) g)4) +d 

w/iere /?o G (0, 27r)\{f , vr, ^} is a constant such that cos Po G (-1, -^^u(^^,l^ , 
Ki is a positive solution of the equation 

kI ± sm(2/?o)Ki + 4sm^ /3o = 

and a', Cj^, C2 and d are constants such that 

I 1 2 I I 1 2 -2/0 

|ci| + \C2\ = sm po- 

Proof. We will prove only the first statement because the second one can be obtained 
in a similar way by the meaning of Theorem 13.71 

Assume that 7 is a proper-biharmonic circle in M^"~''^(— 3) parametrized by arc 
length, such that VtT \\ (pT. Then, from ()4.2p and since ipT = r„+jXj + 

TiXn+i), g{ipT,ipT) = sin^/?o, where ?](T) = cos/Jq, one obtains 



T' 



sin(2/3o) \ , 

+ ij-tn+i, J^n+i 



Ki 



Now, since 7 is a proper-biharmonic circle we get, from Theorem l3.71 ki = =F tan Pq > 
and cos^ (3o = and hence the above equations become 



-'-n+i ~ o -'i' 



with general solutions 



T,- = cos 



V5-I 



Ci + sin 



\/5 - 1 



COS 



\/5 - 1 



sm 



where C]^ and C2, i = 1, ...,n, are constants. 

Replacing in the expression of T = 7', integrating and imposing g{T,T) = 1 we 
obtain the conclusion. 

□ 
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